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Multisensor Multitarget Mixture Reduction
Algorithms for Tracking
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A single-sensor, single-target mixture reduction (MR) data association algorithm is extended for use in multisen-
sor, multitarget tracking situations. MR is extended for tracking an arbitrary number of targets using an arbitrary
number of sensors under the assumption that the sensor measurement errors are independent across sensors.
Like the single-sensor, single-target MR algorithm, which gives better performance than the probabilistic data
association (PDA) filter, the multisensor, multitarget MR extensions give similar improvements in performance
compared to the joint PDA (JPDA) and multisensor JPDA (MSJPDA) algorithms. Further, in the formulations for
the multisensor and multitarget MR algorithms, the equations for the calculation of the data association probabil-
ities have been put in the same form as for the JPDA, thus allowing previously developed fast JPDA computational

techniques to be applicable.

1. Introduction

N the problem of tracking targets in random clutter, the optimal

Bayesian solution leads to Gaussian mixture distributions that
consist of an exponentially increasing number of components.! In
practice, the number of components in each mixture is kept in check
by approximating it with fewer components. The nearest neigh-
bor (NN) approximation reduces each target’s mixture to its largest
component.!~3 The joint probabilistic data association (JPDA) ap-
proximation merges the components of each target’s mixture into
a single Gaussian component.!* However, when there are several
significant, well-spaced components in the original mixture, impor-
tant information may be lost by using the NN or JPDA methods. A
more flexible approximation method for single-sensor, single-target
tracking, known as mixture reduction (MR), has been proposed by
Salmond.’ This MR algorithm preserves the mean and covariance
of the original mixture of components, successively merging com-
ponents until the number of components is reduced to some user-
specified limit.

In this paper, we first review Salmond’s MR algorithm for
single-sensor tracking of a single target in clutter. We then de-
rive extensions to Salmond’s MR algorithm for use in tracking
multiple targets and when there are measurements available from
multiple sensors. Just as the single-sensor, single-target MR al-
gorithm gives better performance® than the probabilistic data as-
sociation (PDA) filter, the multisensor, multitarget MR exten-
sions are shown to give similar improvements in performance as
compared to the JPDA and multisensor JPDA (MSJPDA)® algo-
rithms. Extension of the MR algorithm for tracking of multiple
targets is necessary for use in realistic tracking scenarios where
there are usually many targets that need to be tracked. Moreover,
many current tracking systems have been designed with multi-
ple sensors, thus requiring the further extension to a multisensor
algorithm.

The paper is organized as follows. In Sec. II, the target dynamics
and measurement equations are defined. We review the single-
sensor, single-target MR algorithm® in Sec. I1I, and we extend the
algorithm to the multitarget and multisensor cases in Sec. IV and V,
respectively. In Sec. VI, simulation results evaluating the perfor-
mances of the MR extensions are presented. Finally, concluding
remarks are given in Sec. VIL
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. Multisensor, Multitarget Tracking

The multisensor, multitarget tracking problem is to track T tar-
gets in clutter with N, sensors. Measurements (also called reports
or returns) from the sensors are received by the processor at dis-
crete time intervals. Each measurement can originate from at most
one target. Some sensors may not provide measurements at every
interval. Some of the measurements arise from targets, and some
arise from clutter; some targets may not yield any measurements at
all in a particular time interval or for a particular sensor. Measure-
ment errors due to measurements from one sensor are assumed to
be independent of those from another sensor.

Letx' (k) (1 <t < T) denote the state vectors of each target ¢ at
the kth time interval. Suppose the target dynamics are determined
by known matrices F' (k) and G’ (k) and random noise vectors w' (k)
as follows:

x'(k+ 1) = F'(b)x' (k) + G' (kyw' (k) 1)
where t = 1, ..., T. The noise vectors w' (k) are stochastically in-
dependent Gaussian random variables with zero mean and known
covariance matrices.

With N, sensors, let M;;,i = 1,2,..., N, be the number of
reports from each sensor i at the kth time interval. Assuming
a precorrelation gating process is used to eliminate some of the
returns,’ let m; , denote the number of validated returns from sensor
i at time k. The target-originated measurements, if there are any, are
determined by

z;, (k) = H;(k)x' (k) + v; (k) @
wheret = 1,...,T,i =1,...,N,and 1 <[ < m,;;. The H;(k)
matrices are known, each v§ (k) is a zero-mean Gaussian noise vec-
tor uncorrelated with all other noise vectors, and the covariance
matrices of the noise vectors v} (k) are known. For a given target ¢
and sensor i, it is not known which measurement / (1 <! < m;;)
originates from the target. That is the problem of data association
whereby it is necessary to determine which measurements originate
from which targets.! > In any time interval, it is assumed that a target
can give rise to at most one measurement from a particular sensor.
Measurements not originating from targets are known as false mea-
surements (i.e., clutter), and we assume that false measurements are
uniformly distributed throughout the surveillance region. Let Z (k)
denote the observation at time k:

Z(k) = (zl,l(k)1 CRNR zl,mLk (k),
21K, - 2oy ) s T 1 (K, - Ty (R))

The ¢ superscripts are not indicated, since we do not know which
measurements originate from which target. Let Z* denote the
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sequence of the first k observations; that is, ZF=(Z(),..., ZKk)).
The goal of tracking algorithms is, at each time interval, to associate
measurements to targets based on the current (and sometimes past)
estimates of the target states and then to update these estimates. In
the following sections, we will omit the dependence on k£ where it
is clear from the context.

III. Single-Sensor, Single-Target MR

In this section, we review a MR algoritth for -single-sensor,
single-target tracking that approximates a mixture of components (or
modes) representing a target by successively merging components
until the number of components is reduced to less than or equal
to some user-specified limit, Ny. For single-sensor, single-target
tracking, the target dynamics and measurements are governed by
Egs.(1)and (2) with T = 1 and N; = 1. Suppose there aren; < Nr
components after the MR iterations are complete at time & — 1,
each component having a probability weighting ¥/, j = 1,..., 1,
associated with it. At time step k, another set of measurements is
received, and there are m, ; validated measurements after gating.
Then, there may be as many as N = n;(m,;, + 1) components due
to the new measurements, depending upon how many measurements
gate with each mode of the target. ]

The probability weightings on the new modes, x; (new mode
due to measurement / and previous mode j), are computed in a
similar way as with the optimal Bayesian filter for single-sensor,
single-target tracking.! Define the likelihood

YAl — Py, =0
pl =3 ¥/ N; @) Pa, 1#£0, wl=1 @3
0, 140, w =0

where A is the clutter density, P, is the probability of detection of the
target, N; (-) is the normal distribution with mean and covariance for
the target-originated measurement as computed by the Kalman filter
for the jth mode of the target, and w; is a binary function indicating
whether return / gated with mode j of the target. The return number
{ = 0 indicates the possibility of no return from the sensor being
associated with the target. Then, for an appropriate normalization
constant ¢, the probabilities for the new modes are
Al
X 2-n @

Because the modes represent exclusive and exhaustive hypotheses,
all the x; sum to unity:

n mix
le doxi=1 ®)
j=1 1=0

Thus, the x; can be found by determining the products cy; from
Egs. (3) and (4), solving for ¢ using Eq. (5), and normalizing. Renam-
ing the le as fB;, where i = nl + j, we obtainasetof n;(m,+1)
number of §; (some of which are identically 0). The correspond-
ing state estimates and covariances X; and P; are obtained from the
Kalman filtering equations using the appropriate measurement g;
and target mode state prediction £/.

Thus, there is a mixture distribution for the target state vector of
the form

N
pE) =Y AP ®

i=1

where x is the state vector of the target, N is the number of com-
ponents in the mixture, p;(x) is a component probability density
function (pdf), and §; is a probability associated with the ith com-
ponent such that 8; > 0 and Z,N:1 B = 1[asin Eq. (5)].

Before new measurements are received at the next time interval,
the B;, %;, and P; are merged by the MR procedure. The algorithm
is based on the proposition that the mixture components with the
largest probabilities carry the most important information. Hence,
the component corresponding to the largest probability §; is called
the principal component and components that are “close” to the
principal component are clustered together with the principal com-

ponent. The distance measure chosen to represent the closeness of
components to the principal component is defined by

ﬂiﬁc
D? =
! :Bi + ﬁc

where 8., X., and P, are the probability, mean, and covariance of
the principal component and §; and %; are the probability and mean
of the ith component. This is a squared-distance measure with the
covariance of the principal component as a normalization factor and
with another scaling factor, 8; 8./(8; + B.)- The 8;8./(B; + B.) fac-
tor biases the distance measure so that small components are more
easily clustered whereas large components retain their individual-
ity. Any component ; for which D? < T; is selected as a cluster
member. The clustering boundary is a hyperellipsoid in state space
that is a surface of constant probability density of the principal com-
ponent. The threshold 7 defines the acceptable modification to the
distribution.

The cluster of components (some clusters may consist of a single
component) is approximated by a single Gaussian defined by

v=> "8 ®)

@ — 2P R - %) @)

ieC
o1
¥ = w Zc:ﬁifi &)
P = D B(P+2ET) - @) (10)

=i
4 ieC

where the set C contains the indices of all the components in the
cluster and the probability, mean, and covariance of the cluster ap-
proximation are denoted by ¥/, £/, and P/, respectively. The index
J = lindicates the approximation of the first cluster of components
in the original mixture. With the approximation of Egs. (8~10), the
overall mean X and covariance P of the original mixture are the same
as the overall mean and covariance of the resulting approximation
mixture.>’

This clustering process is iterated on the remaining components of
the original mixture, incrementing j each iteration. After all compo-
nents of the original mixture have been clustered, the approximation
is complete if the number of components in the approximation is at
or below the user-specified maximum Ny. Otherwise the threshold
T is increased by AT, and the clustering procedure is repeated (re-
setting j to 1) on the first approximation. This clustering operation
is iterated until the necessary reduction has been effected. Target
predictions are made based upon the final ¥/, £/, and P/ of the
mixture approximation. At the next time step, new measurements
are received and gated, and the entire procedure is repeated.

The choice of T} and AT is a compromise between the number of
iterations required and the possibility of clustering more components
than necessary. Suggested threshold values>” are T) = 0.0577 and
ATy = 0.05AT], where T| and T] + AT/ define hyperellipsoids
containing 1 and 6%, respectively, of the probability mass of the
principal component. The values of T} and AT] can be found from
tables of chi-squared probabilities with the number of degrees of
freedom equal to the dimension of the target state vectors x'.

For Ny = 1, the MR algorithm reduces to the PDA algorithm.!
When Ny > 1, the MR algorithm allows a better approximation
of the mixture of Gaussian components than the PDA algorithm.
For a range of normalized clutter densities and normalized accel-
eration variances, Monte Carlo simulations of the MR algorithm
with N; = 20 have been shown®’ to yield “times to track loss”
three to seven times longer than for the PDA algorithm. For a nom-
inal normalized clutter density and a nominal normalized acceler-
ation variance, the average times to track loss were about seven
times longer than for the PDA for all values of Ny > 10. The
average CPU time per time interval for these cases was found to
be about eight times longer for the MR than for the PDA algo-
rithm. Thus, the MR algorithm gives better performance (according
to the time-to-track-loss metric) with an increase in computational
complexity.
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IV. Extension to Multiple Targets

In this section, we extend the single-sensor, single-target MR
algorithm to a single-sensor, multiple-target MR (MTMR) algo-
rithm. When there are multiple targets, the reduction of components
for each target to less than or equal to a user-specified number Ny
(assumed the same for all targets) is done as described above for a
single target. However, when new measurements are received, the x
probability weightings on the new modes are computed differently
than in Eqgs. (3-5). The extension made here is analogous to the
extension of the PDA algorithm to the JPDA algorithm.! Since a
measurement for one target may fall into the gate of another target,
this interference caused by another target must be treated differently
than random clutter. In this section, we derive the equations for com-
puting the weightings on the components after receiving a new set
of measurements. For each target, the number of components is then
reduced to less than or equal to the predetermined number Ny using
the reduction algorithm described in the previous section.

The target states and measurements are governed by Egs. (1)
and (2) with N; = 1. At time interval k, there are m,; validated
returns, and each target f (1 <t < T) has n, < Ny modes. Define
the mapping a: {1,..., T} — {0,1,...,m;,} as a mapping that
associates with each target ¢ a return number a(¢), with the return O
denoting the possibility of no return from the sensor for a target. For
each association a, let ©,(k) denote the event that a is the correct
association for the kth observation. For1 <t < Tand0 <[ <m,
let 6; (k) denote the event that a(t) = [ for the correct association
a(t) for the kth observation. The event 6/ (k) is a disjoint union of
events O, (k):

6/ = 4] k) (11)

a: a(t)=l

where a: a(t) = [ indicates all mappings a in which report / origi-
nates from target 7. Let ﬂ, (k) denote the conditional probability of
the event g/ (k) given Zk,

When there are multiple modes for each target, for each mapping
a, there exists a set of mappings

S | CRUUNS P

that associate with each mode j of each target ¢ the return number
anr(t, j). For each mapping a, there may be up to

= I_T-[nr 12

t=1

T T ) > (0,1, myg)

corresponding a,,, mappings depending upon whether each return in
the mapping a gates with all modes of its associated target. For each
association a,,,, let ®,, (k) denote the event that a,,, is the correct
association for the kth observation. For 1 <t < 7,1 < j <n,,
and O </ <my,let 9,'" (k) denote the event that a,,, (¢, j) = [ for
the correct association a,,, (¢, j) for the kth observation.

Let us define the following indicator function that depends on the
mapping a for the simple event O,:

@) 2 {0’ al) =0

1, otherwise a3
Further, let us define the following indicator functions that depend
on each mapping a,,, for the simple event ©

Amr *

A O’ amr(t’j) =0
0.4 (@mr) = { 1, otherwise as
A |0, a,l(h=0
(@) = { 1, otherwise 15
where
-1 A (tvj)» amr(tyj)=l
anr (D= {o, oty v O

The number of false reports in the joint event ©, s

mix

$(am) = Y 11— ulan)] (17)
I=1

Let x; k) denote the conditional probability of the event 9’ J
given Z*, Since 9, is a disjoint union of events ®, , we have

Xlt,j - Z P (G)amr

A amr (8, J)=1

Qmr *

Z4) (18)

Rewriting P(0,,, | Z*¥) using Bayes’s rule gives us

P(Os, | 2') = P(Ou,

Z(k), 2571

I

1

- f(ZW®)| 8., 25 P(0,,) (19
where ¢ is an appropriate normalization constant. The density func-
tion on the right-hand side is

mik

F(Z® |04, 2 =[] 1 |67 2 Qo)

I=1

by independence. The PDF on the right-hand side of Eq. (20) is
fa® [0, 247)

_ { Y ON, g, @ (K)), () = 1 on

Vk_l, T{@m) =0
where V, is the volume of the surveillance region at time k. Com-

bining Egs. (20) and (21) gives
f(Z(k) ' ® Zk—l) — Vk—¢(“mr)

Qmr

T :
X Hl—l sz j Zam,(l j))}”l.j(“mr) (22)

t=1 j=1

We now compute P(®,, ), the last factor in Eq. (19). Denote
by o (a,,) the vector of target mode detection indicators (14) cor-
responding to event ©,, (k). Note that given G, (k), the vector
o (a,,) and the number ¢(a,,) of false returns are determined.
Hence,

P(@amr) = P(@am,, O'(amr)7 ¢(amr))

Qmr

= P(Oy,, 10@n), $(@n)) P(0(an), ¢(am)) (23)

The first factor is obtained by observing that in event @, , the set
of targets assumed detected contains mr — ¢ (an,) targets. Since
each target can give rise to at most one measurement from a sensor,
in this single-sensor case, each measurement can only be assigned
to one mode of one target in each event ®,, . Thus, the number
of measurement-to-target-mode assignment events ®,, . in which
the same set of target modes is detected is given by the number of
permutations of the m, ; measurements taken as m ; — ¢(ay, ), the
number of targets to which a measurement is assigned under the
same detection event. Hence, assuming each such event is equally
likely, we have that

1
P(Ouu 170, b(an) = - 4
The other factor in Eq. (23) is
1 o
P (@), d(an) = 27— [T (P (1= P) "nr@® @5

=1

where P} is the probability of detection of target ¢ and ur(¢) is the
probability of the number of false measurements. The o, indicators
have been used in Eq. (25) to select the probabilities of detection
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and no detection events in the event ®, corresponding to the event
@,,,, under consideration. The 1/N,,, factor, where N, is defined
in Eq. (12), normalizes for the number of target mode detection
vectors o (a,,,) having the same set of target detection indicators
o,(a). Assuming a Poisson distribution for the clutter model,

¢
oV (?»q‘;!)

Combining Egs. (24-26) into Eq. (23) yields the prior probability
of the joint association event ©

wr(p) = (26)

Qmr *

T

[T (-2)™ @

t=1

eV (AV)?¢
Nmr ml,k!

P(0,,, )=

Similarly, combining Eqs. (22) and (27) into Eq. (19) yields the
posterior probability of ©

P(Q,, | 2") =

Gr *

e 2 £
e m L 1(7)

t=1

x ﬂ VN, o) ] (28)

In the product over the target modes, at most one factor will be
nonunity since at most one report can be associated with any target.
The event probability 8/ (k) is then computed as

(1—py)'™"

B = P(6]| 2")

= > P(0.124)
a: a(t)=l

= > PO, 12"
amr: amr (1,7)=

= an X;’j
j=t

Aml,k—T

B Sl S y (T

j=1 amr: ame (. 5)=1 u=1

< T T Nui @ame i) ] ™ (29)
i=1

where ¢’ is a normalization constant. The double sum in the final
equation sums over the set of mappings a,,,: am.(t, j) = [ that
constitute the mappings a: a(t) = [. Thus, Eq. (29) can be rewritten

as
amie-T 1—[ oy
S IP Ity ()
a: a(t)=l j=I1 u=1
l-oy
x [A (1 — P T ol 0 N o) (30)
where w,./, is an indicator function denoting whether measurement

a(u) lies in the validation gate of mode j of target u; this “’Z(i) factor
allows terms to be included in the sums only when return a(u) falls
in the validation gate of mode j of target u. Equation (30) can be
rewritten as

)\’ml_k—T T o I~
= —— [T (-r)]
a: a(t)=! u=1
x Zwid,) ¥ Ny j@aey) 31

The association probability £/ is then given by

T
fi=v 3 []rtw (32)

C,
moa: a(H)=l u=1

where ¢, is a normalization constant (for all g, i.e., for all # and [)
and

a(1— P, 1=0

t n
= S (33)
& P, Z W Y IN, @), otherwise

j=1

Since the events 6] are mutually exclusive and exhaustive over /
(i.e., either a return originated from target ¢ or no return originated
from target ¢), their probabilities sum to unity for each ¢:

D A=1 34
1=0

Hence, B/ can be found by determining the products c,8; from
Egs. (32) and (33), solving for ¢, using Eq. (34), and normalizing.
The computation of the ] association probabilities has been formu-
lated to yield association probability equations that have a similar
structure as for the JPDA filter. Thus, the computation of the g]
probabilities can take advantage of fast JPDA algorithms that have
been developed.?

Now the X;’j modal association probabilities can be easily com-
puted from the B} association probabilities as

0, p;=0
i _ i
xl =1 pri (35)
: p’—,ﬂ,’, otherwise
where
yia(1- Py, =0 Yi=1,...,n
pl = PN @), 1#0, ol =1
0, [#0, ol =0

(36)
Equations (35) and (36) just state that 8 is distributed among the
modes of target ¢.

For each target ¢, there are n, < Nr (1 <t < T) modes prior
to the receipt of new measurements. With the m, ; new validated
measurements, the number of modes for each target ¢t grows to as
many as n,(m;; + 1). The state and covariance estimates J?;” and
P;’] of each of the new modes are obtained by the Kalman filtering
equations using the appropriate measurement z; and target mode
state prediction £/. The probability weightings x,"’ for the new
modes are computed by Egs. (35) and (36). Before the receipt of
measurements at the next time interval, for each target ¢, the mixture
of x,;”/, £/, and P"/ is approximated with n, < N; components
using the MR procedure described in Sec. I Predictions for the
next time interval are made based upon this approximation; and at
the next time step, new measurements are received and the entire
procedure is repeated.

V. Extension to Multiple Sensors

In this section, we extend the MTMR algorithm to the case where
multiple sensors are used, where we assume that measurement errors
are independent across sensors. We call this multisensor algorithm a
multisensor, multitarget mixture reduction (MSMTMR) algorithm.
The extension made here is similar to that of generalizing the mul-
titarget JPDA algorithm for use with multisensor measurements.®

For multisensor, multitarget tracking, the target dynamics and
measurements are governed by Egs. (1) and (2). As with the MTMR
algorithm, the number of modes for each target ¢ is reduced to
n, < Nr modes at each time step. Let

st {1 TY > {001, magd,

{0,1,...,ma}, ... (0,1, ... my,,})

be a mapping at time k that associates each target ¢ with a set of N,
numbers (one for each sensor) ay, (¢) of returns. For each mapping
Qs thereis a set of Ny mappingsa;: {3,..., T} — {0, 1, ..., m;x}
that associates return a; (¢) from sensor ; with each target z.
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For each association a,,, let ®,__ (k) and each ©,, (k) denote the
events that a,,; and a;, respectively, are the correct associations for
the kth observation. For 1 <t < T and £ = (I}, L, ..., ly,) where
0<h <myg,....0= 1y, <my,,,let 67 (k) denote the event that
a,s(t) = L for the correct association a,,, for the kth observation.
Forl <r<T,1<i<N,,and0 <[ <myy,let 9,’7i(k) indicate
the event that g; (¢) = [ for the correct association a; of sensor i for
the kth observation. The event 6} (k) is a disjoint union of events

0O, (k), and 9,’ (k) is a disjoint umon of events O, (k). Let B; s k)
denote the conditional probability of 6. given Z“ and let 8/, (k)
denote the conditional probability of the event 6/ ; given 2k, The
probability B; (k) = P(6],(k)| 2Ky is Just the smgle SENsor asso-
ciation probablhty that return / of sensor i is associated with target
t, and it can be calculated using Eqs. (32-34) derived in Sec. IV.

With each target ¢ having n, < Ny modes, let

a,,,,m: {11,...,1,,1,...,T1,...,T,,T} - {{0, 1,---,ml,k},

{0.1,....mau}, ..., {0, 1, ... my,, )}

be the mapping that associates each mode j of each target ¢ with a
set of N, numbers (one for each sensor) a,,, (¢, j) of returns. For
each mapping a,,, (¢, j), there is a set of N; mappings

Opr,; - {11,...,1,,1,...,T1,...,T,,T}——>{0,1,---,mi.k}

that associate with each mode j of each target ¢ the return number
Amy; (t, j) from sensor i.

For each association, let @,,, (k) and each O,,,, (k) denote the
events that a,,,. and each a,,,, respectively, are the correct asso-
ciations for the kth observation. For1 <t <7T,1 < j < n,, and
L= (i b, ..., lNS) where 0 < /i < Mifsens 0< [Ns < My, let
92’ (k) denote the event that a,,., (¢, j) = L for the correct asso-
ciation a,,,,,, for the kth observation. For1 <t <T,1<j <n,
1 <i <Ng,and 0 <] < myy, let 9,, (k) indicate the event that
Omy; (t, j) = L for the correct association @, of sensor i for the kth
observation. The events 6}’ '+ and 91 are disjoint unions of events
9,,,,, and © respectively. Let X[ and X EI denote the condi-
tional probablhtles of the events 0, and 6%’ . respectively, given Zk,
The probability x !, is the single-sensor modal association proba-
bility that report ! of sensor { is associated with mode j of target
t, and the event probabilities we seek are the multisensor modal
association probabilities x 2.

At every time step, measurements are received and gated with the
n, prediction modes for each target ¢. Each set £ of returns from
the N, sensors that gate with a mode j of a target ¢ will yield a
new filtered estimate mode for target ¢. Thus, the number of modes
for each target r may expand to up to n, ]_LN;, (m; + 1) modes
depending upon how many measurements gate with each of the
modes of target ¢. The state estimates fr'L" (k1 k) and covariances
P’ﬁ” (k| k) for the new modes are computed based upon the state
prediction X/ (k | k—1) and the association of mode j of target t with
the set of £ returns from the N; sensors. With measurement errors
from one sensor being independent of those from other sensors, the
XZ’ probability weightings for the new modes are calculated by

1 = P07 2)

= > PO,

mrps* Amrms @)=L

N
2. 1,

Amrms* Gmrms =L i=1

Qr; >

Z)

Il

Z*)

Ny

- 2 [T (.,

mry ey ()= oy ey (P =lyy =1

IS el

i=1 Gmr;t Qmr; . )=l

N
- 0
[ @7

Z*)

Thus, the multisensor event probablhty X £ is the product of the
single-sensor event probabilities X1 %, which can be calculated using
Egs. (35) and (36). Before another set of measurements is received
from the N; sensors, the MR algorithm of Sec. III is applied to each
target  to reduce the number of modes for each target to less than
or equal to Ny.

Although the multisensor association probabllmes B are not
needed for computing the modal probabilities x ﬁ , it is interesting
to note that the mulusensor B! - have a similar property as with the
multisensor x L

pr = P(o;|2")
= Z P(©,,,

st ams (=L

> [lre.l2)

ams: ams (=L i=1
z*)

Ns

IT 2

T1e. (38)
i=1

i=1 a;: a;(t)=l;
Analogous to the x" and x, 7 event probabilities, the multisensor
event probability 55 is the product of the single-sensor MTMR
event probabilities B, ;.

I

zH)

I

VI. Simulation Evaluations
We have run simulations evaluating the MTMR and MSMTMR
algorithms of Sec. IV and V. Simulations have been run for the
tracking of two targets. The target dynamics are governed by Eq.
(1) with time-invariant F and G matrices given by

1 A0 O AZ2 0
01 0 0 A 0
f !
F=1001al G = 0 A2
0 0 0 1 0 A

fort =1, 2. Thestate vectorsx' (k) = [x % y ¥]7(k)represent
the positions and velocities of the targets at time kA, where A is
the time step between measurements. The two targets are initially
d units apart and initially move in parallel directions with the same
speeds, but due to process or acceleration noise, their directions and
speeds may change with time. The process noise vectors w' (k) are
independent 2 x 1 Gaussian noise vectors with constant covariance

matrices
_fe2 0
o-[5 7]

For the simulations of the MTMR algorithm, there is one sensor
whose measurements are governed by Eq. (2) with

1 0 0 0
= [0 01 0]
For the MSMTMR simulations, a second identical sensor with H, =

H, is used. The measurement noise vectors v;(k) are independent
2 x 1 Gaussian noise vectors with constant covariance matrices

R= [r 0]
0 r
In the simulations, we assume that the initial states of the targets
are perfectly known and that each target is always well inside the
surveillance region. Track initiation and deletion procedures are not
incorporated in the simulations in order to isolate the performance

of the MR data association algorithms. For more complete track-
ing algorithms, previously developed track initiation and deletion
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Fig. 1 Average track lifetime vs N7 for MTMR algorithm with two
targets.
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Fig.2 Average rms error vs N7 for MTMR algorithm with two targets.

techniques’>® can be adapted and combined with the MR algo-

rithms. Separate track files would be kept and updated for tentative
and confirmed tracks, and the MR data association and filtering
algorithms would only be applied to the confirmed tracks.

For the simulation evaluations, false measurements are uniformly
distributed throughout the surveillance region with density A per unit
area. Before data association, a gating procedure for each target is
used to eliminate measurements that are not likely (with probabil-
ity less than 1 — Pg) to originate from the target. Given the gated
(true and false) measurements, the MTMR and MSMTMR tracking
filters compute probabilities of each of the measurements being a
true target measurement. Estimates of the target state vectors are
then calculated. Two methods for computing the estimates from the
mixture-reduced modes are used. One computes a weighted aver-
age of the modes (which is the mean of the distribution) (MEAN),
and the other takes the mode with the largest probability weight-
ing (MAX). Finally, two measures of tracking performance are
used. One is the average root-mean-square (rms) position error, and
the other is a track lifetime metric. The track lifetime is defined®
as the time until either i) the true measurement is rejected by
the gating procedure for five consecutive time steps or ii) either
the x or y coordinate of the filter estimate (using the MEAN or
MAX method) is more than 10 standard deviations from the cor-
responding coordinate of the true target position for five consecu-
tive time steps. Here, the standard deviations are those of the po-
sition estimates of the equivalent Kalman filters when there is no
clutter.

In the simulations, the following parameter values were used:
A =1,qg = 0.0625, r = 0.0625, » = 0.2, and Pz = 0.999. The

Track Lifetime

Nt

Fig.3 Average track lifetime vs N7 for MSMTMR algorithm with two
sensors and two targets.
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Fig. 4 Average rms error vs Ny for MSMTMR algorithm with two
sensors and two targets.

parameters N7 and d were varied. With the above parameter val-
ues, the expected number of false measurements per gate, using
steady-state Kalman filter covariances, is 2.1701 for the MTMR al-
gorithm and 1.6639 for the MSMTMR algorithm. These numbers
are different due to different steady-state covariances for the two al-
gorithms. Although there are fewer expected clutter points per gate
for the MSMTMR algorithm, the conditions of the tracklife metric
are also stricter.

To evaluate the performances of the MTMR and MSMTMR al-
gorithms, 20 sets of trajectories with associated measurements were
generated and the algorithms were run until both tracks were lost.
The track lifetimes were then averaged over both targets and across
all 20 runs. Further, in each run, the rms position error of the track
estimates from the truth were computed up to the time of track loss
for each target. The rms position errors were then averaged across
both targets over all 20 runs.

Simulation results for the MTMR algorithm are plotted in Figs. 1
and 2. In the plots, crosses and circles indicate actual simulation
points. Figure 1 shows the average track lifetimes as Ny is var-
ied for different initial separation distances d for both methods of
estimation, MEAN and MAX. Figure 2 shows the corresponding
average rms position errors for the various cases. Figures 3 and 4
show similar results for the MSMTMR algorithm when two sensors
are used.

With Ny = 1, the MTMR algorithm reduces to the JPDA and the
MSMTMR algorithm reduces to the MSJPDA. As Nt is increased
(more modes to approximate each mixture of Gaussians), we see
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that (as expected) the performances of the MTMR and MSMTMR
algorithms improve. In Figs. 1 and 3, the track lifetimes increase
with Ny as well as with the initial target separation d. For small
initial target separations, reports due to one target may “interfere”
with the estimation of the state of the other target. For initial target
separations of d > 6, the tracking problem for the 20 sets of tra-
jectories almost always reduces to tracking each target separately.
Thus, for d > 6, the track lifetimes do not increase much further
beyond the d = 6 curves.

From Figs. 2 and 4, we see that the average rms position errors
generally decrease as Ny increases. Further, we see that, in general,
the errors for d = 6 are smaller than those for d = 3, which are in
turn smaller than for d = 1.5.

Comparing the results of the MEAN and MAX estimation
schemes in the various figures, we see that the rms position er-
rors for the MAX method are generally larger (about 1.8%) than
for the MEAN method. However, the track lifetimes for the MAX
scheme are slightly longer (about 2.0%).

Figures 1 and 3 and 2 and 4 are plotted on the same axis scales,
respectively. Comparing Figs. 1 and 3, the average track lifetimes
using the MSMTMR algorithm can be seen to be about 15% longer
than those of the MTMR algorithm. Comparing Figs. 2 and 4, we
see that the average rms error of the MTMR algorithm is about 11%
larger than that of the MSMTMR algorithm for both the MEAN and
MAX estimation schemes. Thus, due to the smaller rms errors and
longer track lifetimes, use of an additional sensor in the MSMTMR
algorithm yields better tracking results than using a single sensor in
the MTMR algorithm.

Hence, we see the improved tracking performance for both the
multitarget and multisensor extensions of the MR algorithm. As
with the simulation results of the single-sensor mixture reduc-
tion algorithm,>’” we would expect the performance increases of
the multitarget and multisensor extensions to taper off and ap-
proach the performances of the optimal multitarget and multisensor
Bayesian filters as Ny is further increased beyond 8 (maximum Ny
of simulations for Figs. 1-4). (Further simulations for larger Nr
were not run due to project time constraints and the time required
to run these computational complex algorithms for larger values
of Nz.)

The multitarget and multisensor mixture reduction algorithms are
extensions of the multitarget and multisensor probabilistic data asso-
ciation algorithms. Since several modes or hypotheses are allowed
to represent each target, the MR algorithms are similar to track-
oriented multiple hypothesis tracking (MHT) algorithms.’ However,
the modes are merged in the MR algorithms, whereas in multiple hy-
pothesis tracking algorithms, the hypotheses or modes are pruned to
reduce computational complexity. The merging technique of the MR
approach reduces the possibility of discarding information (the true
report) that originated from a target. Analytically comparing these
two complex algorithms is difficult, however, and careful compar-
isons for particular applications need to be carried out to determine
the more suitable algorithm to use. Another advantage of the MR
approach is that there are fixed memory and computational require-
ments for a given number of targets and sensors and maximum
number of modes, N, per target. In MHT algorithms, oftentimes
the pruning is based on a probability threshold where modes or
hypotheses with probabilities less than the threshold are pruned.
In such algorithms, the maximum number of modes per target may
vary from interval to interval, and hence memory and computational
requirements will vary.

VII. Conclusions
A single-sensor, single-target MR algorithm has been extended
both for multitarget tracking and for multisensor, multitarget
tracking. The extension of the MR algorithm to the multitarget case

is similar to that of extending the PDA algorithm for multitarget
tracking in that the measurement-to-target association probabilities
are computed jointly across all targets. Assuming that measurement
errors are independent across sensors, extending the multitarget MR
algorithm to the multisensor, multitarget MR algorithm results in the
multisensor modal association probabilities being the product of the
single-sensor modal association probabilities.

Just as the single-sensor, single-target MR algorithm is a gen-
eralization of the PDA filter, the multitarget, multisensor MR al-
gorithms are generalizations of the multitarget, multisensor PDA
algorithms, respectively. The MR approach may allow more modes
to approximate each Gaussian mixture than the single mode of the
PDA approach. Simulation results showed that as the maximum
number of modes allowed to approximate each Gaussian mixture
is increased, the performances of the multitarget, multisensor, MR
algorithms improve beyond those of the corresponding multitarget,
multisensor PDA algorithms. Extensive Monte Carlo simulations
for different types of scenarios to more clearly and conclusively
delineate the performances of the multitarget, multisensor MR al-
gorithms and compare these algorithms with the PDA algorithm,
nearest neighbor, and other approaches to tracking are a subject of
further work.

The MR extensions have been formulated to yield association
probability equations that have a similar structure as for the JPDA
filter. Thus, the computation of the association probabilities needed
for the new multitarget, multisensor MR algorithms can take advan-
tage of fast JPDA algorithms that have been developed. However, the
complexity of the multitarget, multisensor MR algorithms does grow
exponentially with the number of targets and sensors, and more care-~
ful analysis of the computational complexity and additional ways to
reduce the complexity of these algorithms are areas of future work.
For the multisensor algorithm, implementing the multitarget MR
filters sequentially on each sensor’s data should yield some compu-
tational savings over implementing the multisensor filter in parallel
on all the sensors’ data as described in this paper.
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